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Abstract
Turbine components are usually designed onto safe-life approach, where the low-cycle fatigue analysis is based onto design life
curves with suitable probabilistic life margins. However, in order to design for a given reliability, the deﬁnition of the design
curve should not only include the life variability but also the scatter of applied load. Unfortunately, in the literature there are few
indications which only refer to safety factors under HCF, without any speciﬁc discussion of the case of LCF.
In this paper, we ﬁrstly propose a simple format for calculating reliability for an assessment point (¯, N¯). The format is then
used for estimating failure probability adopting the Socie’s criterion for a notched component whose elasto-plastic response was
simulated by FEA. Results show the need of implementing a correct dependence between  − N curve and material volume.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
Keywords: LCF; safety factor; FEA; reliability
1. Introduction
Turbine components (rotor disks, blades, blade attachments) are heavy duty components which can be classiﬁed
as critical components. Therefore a probabilistic structural assessment of this kind of components would be needed.
From the point of view of engineering design, the safe-life method Corran and Williams (2007) is the ﬁrst step for
deﬁning morphology and material of the components, whose life issues and structural integrity are often re-analyzed
with damage tolerance and probabilistic approaches into the subsequent assessment phase.
In the case of steels structures (see Sedlacek and Kraus (2007)), the structural design is based onto probabilistic
concepts for material properties (static strength) and loads (permanent loads, variable loads) in order to obtain target
failure probabilities of the order of 10−5. Very few indications about the choice of safety factors in safe-life exist
and they refer to high cycle fatigue. In particular, ISO EN 1993 (2005) prescribes the adoption of S-N diagrams for
diﬀerent welded details which correspond to a 5% failure probability: the designer for the assessment of a structure
has to apply a safety factor equal to 1.35 (for safety critical components) onto the S-N curve of the welded detail.
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A similar proposal, but non limited to welded details, is the one of the FKM Guideline by Haibach (2003), which
prescribes S-N diagrams with Pf = 2.5% (i.e. μ − 2σ) and a safety factor equal to 1.5 for steel and aluminium
components (for safety critical components). However, these prescriptions do not precisely mention the load/stress
dispersion.
The situation is even oversimpliﬁed under LCF, whose assessment is based onto life curve corresponding to a
10−3 failure probability (for instance the curve μ − 3σ is taken as the reference, see Fig. 1) according to Corran
and Williams (2007). It means that the safe life method, since it does not consider any variability in applied stress
(or applied local strain ), needs some other safety factor for achieving the target reliability. As for the probabilistic
analysis, Ellingwood (1976) proposed the adoption of a ﬁrst order approximation for estimating life dispersion, while
Singh et al. (2005) adopted a concept of scatter in strain amplitudes of 10% for calculating a scatter in life without any
speciﬁc discussion about this choice. However, no simple rules for handling the uncertainty of applied stress under
LCF are derived.
In this paper, we ﬁrstly propose a simple format for calculating reliability for an assessment point (¯, N¯). Firstly the
format is applied for obtaining safety factors onto the  − N diagram. Then, the format is used for estimating failure
probability adopting the Socie’s criterion for a notched component, whose elasto-plastic response was simulated by
FEA.
2. Failure probability under LCF
2.1. Theoretical background
Let us consider two gaussian distributions, one for the load L and another one for the resistance R. The failure
probability, namely Pr{L > R} can be calculated as Rao (1992):
Pf = Pr[L > R] =
∫ ∞
0
fL(l) · FR(l)dl (1)
In the case the two distributions are gaussian, then the calculation can be simpliﬁed with:
Pf = Pr[(R − L) < 0] = Φ(−β) (2)
where the safety margin is:
β =
μR − μL√
σ2L + σ
2
R
(3)
The target Pf , considering a safety critical component, is of the order of 10−5, which corresponds to 3.8 ≤ β ≤ 4.2
(according to ISO EN 1993 (2005) the target is β = 3.8 with Pf = 7 · 10−5), while if the component is inspected the
failure probability can be increased up to 10−3. As it can clearly seen from the previous equations, the target failure
probability cannot be achieved with a simple design curve μ − 3σ on the strength (as shown in Fig. 1), since Pf
depends on both dispersions. Therefore, a safe-life design which is only based on the scatter of the resistance is not
correct.
2.2. A simple format for Pf under LCF
The basic idea behind our approach is that, if we refer to the design of a component detail subjected to a strain
amplitude ¯ for a design life N¯ (which is the typical problem statement for safe-life), the failure probability can be
calculated as (see Fig. 2):
Pf = Pr[¯ > R] =
∫ ∞
0
f¯() · FR ()d (4)
where R is the cyclic deformation at which the material can resist for N¯ cycles. In the following, we will examine
how the distribution functions for ¯ and R can be approximated.
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3. Distribution functions
3.1. Random variable R
As for the variable R, the allowable strain amplitude is a function of the number of cycles N with the Coﬃn-
Manson equation:
R =
σ′f
E
(2N)b + ′f (2N)
c (5)
According to usual assumptions, logN is a gaussian random variable, whose mean value is described by Eq.(5) and
the std. deviation σlogN is constant (or a function of ). Under the hypothesis of a ﬁrst order approximation, log R
can be approximated as a gaussian distribution, whose std. deviation is:
σlog R =
∣∣∣∣∣∣ ∂ log ∂ logN
∣∣∣∣∣∣
N¯
· σlogN (6)
3.2. Random variable ¯
The stable cyclic stress-strain response of the material is usually expressed by the Ramberg-Osgood equation:
e =
s
E
+
(
s
K′
)1/n′
= e(s) (7)
where e, s are the local strain and stress at a given location respectively. Under the action of an applied remote elastic
stress S, the corresponding local stress and strain state can be estimated with diﬀerent shakedown calculations.
The most simple method is the so-called Neuber rule, which predicts for a nominal stress S :
(Kt)2
S 2
E
= s · e = s
2
E
+ s
(
s
K′
)1/n′
→ s = fS D(S ) (8)
where Kt is the elastic stress concentration factor, which can be taken Kt = 1 when the elastic stress is calculated
by analytical or numerical method (we will take this hypothesis for the following analysis). When the material is
subjected to a stress cycle ΔS = 2S a = Smax − Smin and an average stress Sm, the local strain amplitude can once
again be calculated with Eq.(7), after the local stress amplitude has been calculated with Eq. (8).
By applying a ﬁrst order approximation, it can be said that under the action of variable stress amplitude S a described
by a gaussian distribution, ¯ can be described with a normal distribution with parameters:
μ¯ = e
(
fS D(μS a )
)
σ¯ =
de
ds
σS a (9)
where (μS a , σS a ) are the distribution parameters for S a.
logNf
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(b)
Fig. 1. Safe-life design:(a) traditional approach; (b) the simple lognormal format here proposed.
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3.3. Log-normal format
The failure probability can be once again by Eq. (2-3), if the two variables for load and strength are newly deﬁned
as: L→ log ¯; R→ log R. The r.v. R has been approximated as a log-normal distribution (or log R follows a normal
distribution), while ¯ can be further approximated to a lognormal distribution with parameters (see Rao (1992)):
σ2log ¯ = log
[(
σ¯
μ¯
)2
+ 1
]
≈
(
σ¯
μ¯
)2
μlog ¯ = log μ¯ − 0.5σ2log ¯ (10)
4. Application to a rotor steel
4.1. Deﬁnition of a safety factor for  − N diagram
The adoption of this log-normal format allows to simplify the reliability calculations, since when the design life N¯
is deﬁned it is then possible to simply calculate the design strain ¯ at which the component can be subject in order to
reach a given reliability (or Pf ). Once β has been chosen, ¯ can be then iteratively estimated through Eq. (2). As it
can be seen in Fig. 5, the distance between the two mean values should then be equal to β ·
√
σ2log ¯ + σ
2
log R
. We can
then deﬁne a safety factor S F according to the traditional safe-life concepts. In particular, if the characteristic value
for resistance is set at 0.1% percentile according to Corran and Williams (2007), the safety factor can then be deﬁned
as (see Fig. 2.(a)):
S F =
μlog R − 3σlog R
μlog ¯
(11)
The previous approach has been applied to an heat treated low alloy steel adopted for manufacturing turbine rotor
disks. In particular, the ¯ values have been calculated for several N¯ values and β = 3.8 (which corresponds to
Pf = 7 ·10−5) and for β = 3 (Pf = 10−3). Following the suggestions by Wu et al. (2002), theCVS parameter represents
the uncertainty of the stress stress calculations for the component: according to BS 7910 (2005) the signiﬁcant range
is 0.0−0.3 , while we have considered the typical CVS = 0.1 of a turbine rotor disk suggested by Madia et al. (2013) .
As it can be clearly seen, the scatter of S (which is the uncertainty of the engineering evaluation) requires to apply
a safety factor onto the μ − 3σ curve in order to achieve the target failure probability. The typical values of the safety
factor for CVS = 0.1 are S F = 1.2 for β = 3 and S F = 1.3 − 1.4 for β = 3.8. These values increase for higher values
of CVS and they tend to increase at higher strain amplitudes.
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Fig. 2. Application of the log-normal format: a) deﬁnition of the safety factor SF; b) maps of the ¯ design points for two diﬀerent β values.
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4.2. Failure probability of a notched component
The same concepts has been used to predict the fatigue life of a notched specimen, that has been designed to
experimentally reproduce the stress-strain ﬁeld experienced in the blade attachment of a gas turbine disk (see Foletti
et al. (2013) for further details). The ﬁnite element model of the disk detail is reported in Fig. 3.(a). The geometry of
the specimen is reported in Fig. 3.(b).
The cyclic material behavior was modeled using the Chaboche combined, isotropic and kinematic, cyclic hardening
model. The number of cycle to nucleation was obtained on the design curve adopting the Fatemi-Socie model (see
Socie and Marquis (1999)):
γeq =
Δγ
2
(
1 + k
σn,max
σY
)
= A (2N)b +C (2N)d (12)
where the critical plane is deﬁned as the plane experienced the maximum value of the combination between the
shear strain range, Δγ, and the maximum normal stress, σn,max (the normal stress is divided by the yield stress of the
material, σY ).
The γeq − Nf curve is determined from the experimental results obtained in uniaxial strain control fatigue tests
by applying Eq.(12) with a ML analysis of the test data obtained at diﬀerent strain ratios under the assumption of a
log-normal life distribution (see Nelson (1981)). The results are as reported in Fig. 4(a).
A simple adoption of the probabilistic concepts would be to apply the S F factor determined above. Alternatively,
the log-normal format could be used for calculation the failure in terms of the Socie’s γeq parameter. In particular if
we refer to a single value γeq, the Socie’s parameter at the centroid for the i-th ﬁnite element of the numerical model,
its scatter can be estimated as:
σγeq,i =
√(
∂γeq,i
∂P
)2
· σ2P +
(
∂γeq,i
∂σY
)2
· σ2σY (13)
where the derivatives are evaluated numerically, σP is the load dispersion and σσY represents the dispersion of the
cyclic material response. For a prospective N¯, Eq. (4) cannot be directly applied (since element volume is diﬀerent
from specimen volume) and then the failure probability of the ﬁnite element can be calculated (modifying Eq. (4)) as:
Pf ,i = Pr[γeq,i > γR,i] =
∫ ∞
0
fγeq,i (γ) · FγR,i (γ)dγ (14)
where FγR,i is the distribution function of γR for the i-th element. In particular, FγR,i can be determined with a suitable
model based onto the dimension of the defects (inclusions, inhomogeneities) at the origin of specimens’ failure (see
Schmitz et al. (2013) for a model of this kind). It can be shown that, depending on the correlation of material volume
(a) (b)
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Fig. 3. Application of the log-normal format to a notched component: a) rotor blade attachment; b) notched specimen with same PEEQ
designed by Foletti et al. (2013); c) map of the failure probability close to the notch (symmetry section).
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Fig. 4. Log-normal format:(a) application to Socie’s parameter; (b) upper and lower bounds for Pf .
elements (perfect correlation or perfect independence), FγR,i lies within the bounds:
1 −
(
1 − FγR (γ)
)Vi/Vo ≤ FγR,i (γ) ≤ FγR (γ) (15)
where Vi is the element volume and Vo is the LCF specimen volume (FγR is a lognormal as FR , see Sec. 3.1).
Accordingly, the failure probability for the notched specimen lies within the bounds (see Rao (1992)):
1 −
∏
i
(1 − Pf ,i) ≤ Pf ≤ max Pf ,i (16)
The calculations were carried out for diﬀerent N¯ values and the results in terms of bounds for Pf are shown in Fig.
4.(b). It can be clearly seen that the assumptions for material volume dependence produce a diﬀerence in Pf of two
orders of magnitude. An appropriate model is being developed within the research.
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